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Abstract 
In situ machining of large workpieces is made possible by moving mobile machines to workpiece locations. To guide and enhance on site 
machining performance, dynamics of the assembled system must be predicted beforehand. Beforehand prediction of assembled response 
requires dynamics of the mobile machine in its free-free configuration be coupled with response of base/workpiece measured at location. Since 
obtaining the free-free response of the machine is non-trivial, this paper presents a substructure decoupling scheme that instead extracts the 
machine’s response from known dynamics of the machine mounted on a base, and from information of a substructural base system. Simulation 
driven investigations show the decoupling scheme to be robust even under the vagaries of measurement noise and changes in the residual 
substructural base system. Extracted dynamics of the machine can be subsequently synthesized with known dynamics of other 
bases/workpieces for a priori prediction of assembled dynamics to guide first-time-right on site machining. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the International Scientific Committee of 7th HPC 2016 in the person of the Conference Chair Prof. 
Matthias Putz. 
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1. Introduction 
Transporting mobile machine tools to workpiece 
locations makes it possible to manufacture these parts 
directly at the site of operation [1]. Modular concepts allow 
the machine to be placed locally at the workpiece, either by 
mounting the machine directly on the workpiece, or by 
mounting the machine on the ground, or on separate 
base/intermediate frames. Despite this versatility, every 
new workpiece/location results in different machine-
workpiece system dynamics. These changing dynamics 
influence the machining- and control stability of the system. 
To guide first-time-right solutions, it hence becomes 
necessary to evaluate assembled system dynamics before 
moving the machine to the workpiece location.   
A priori prediction of assembled dynamics involves 
combining the dynamics of the mobile machine in its 
unsupported free-free configuration with the dynamics of 
the workpiece/base measured on site. This problem, akin to 
a substructuring problem, consists of constructing models 
of large and complex systems by assembling the dynamics 
of its simpler components [2-3]. Substructuring hinges on 
being able to obtain the response of individual subsystems. 
Dynamics for an arbitrary workpiece/base that the machine 
is moved to can be obtained by direct on site measurements. 
However, obtaining the machine’s dynamics in its free-free 
configuration is non-trivial and needs special test rigs.  
To avoid the need for special test rigs, it is demonstrated 
in this paper, on a 5 strut parallel kinematic mobile machine 
tool available at Fraunhofer IWU, that it is instead possible 
to extract the machine’s free-free response using 
substructure decoupling schemes. The decoupling problem 
as illustrated in Fig. 1 allows extracting the dynamics of the 
machine, i.e. of subsystem ܣ, from known dynamics of the 
base, i.e. subsystem ܤ, and from known assembled system 
dynamics of the machine on a base, i.e. system ܣܤ. 
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Fig. 1. Substructure decoupling scheme. Subsystem ܣ corresponds to the 
machine, subsystem ܤ corresponds to the residual substructural base 
system, and system ܣܤ corresponds to the machine mounted on the base. 
Decoupling is formulated in Section 2 using the 
frequency based substructuring (FBS) method that uses 
frequency response functions (FRFs) of the (sub)systems 
[4]. The FBS based formulations are the preferred choice 
since FRFs of subsystems are relatively easy to obtain using 
measurements, and because a class of these FBS methods, 
referred to as the receptance coupling substructure analysis 
(RCSA) methods, has already found much use in machine 
tool applications for predicting tool point dynamics [5-7], 
and also in joint identification [8], and in extraction of 
rotational FRFs using the inverse RCSA approach [6, 8].  
Though the decoupling scheme is intended to be used 
with measured system dynamics, discussions herein are 
limited to demonstrating the approach using virtual 
model(s) response only. FRFs to be used in decoupling are 
all obtained from finite element (FE) models of the base 
system and of the machine in the assembled configuration. 
Substructuring using these FRFs is carried out in the 
MATLAB environment. Extracted dynamics are verified in 
Section 3 against the free-free responses of the machine 
which are also obtained from the FE environment. 
Sensitivity of the extracted machine dynamics to noise and 
to changes in the substructural base system is investigated.  
2. Substructure decoupling 
The machine is mounted on the base at three connection 
points as shown in Fig. 1. Extracted dynamics include 
dynamics at these points and at the main point of interest, 
i.e. the spindle nose (point ࢛஺஺). To obtain these dynamics, 
the decoupling problem is formulated as one of finding the 
behavior of subsystem ܣ  that is part of the assembled 
system ܣܤ when additional opposing forces are applied at 
the interfaces, such that subsystem ܣ  experiences no 
connection forces from subsystem ܤ [4].  
With the dynamics of ܣܤ  and ܤ  obtained by FE 
simulation, a dynamic stiffness representation of the system 
ܣܤ is: 
 ࢆ஺஻࢛஺஻ ൌ ࢌ஺஻ െ ࢍ஺஻  (1)  
and for subsystem B is: 
 ࢆ஻࢛஼஻ ൌ ࢌ஼஻ ൅ ࢍ஼஻ (2)  
wherein ࢛஺஻ ൌ  ሼ࢛஺஺஻Ǣ ࢛஼஺஻Ǣሽ்  comprises the vector sets 
of degrees of freedom (DoFs) at the spindle nose, i.e. ࢛஺஺஻, 
and the vector sets of DoFs at all of the three coupling 
points, i.e. ࢛஼஺஻ ൌ ൛࢛஼మಲ஺஻ Ǣ ࢛஼మಳ஺஻ Ǣ ࢛஼మ಴஺஻ ൟ
்
. Subscripts 
ܥand ܣ  denote coupling and spindle points respectively. 
Superscripts ܣܤ and ܤ denote the assembled system and the 
subsystem respectively. Similarly, ࢛஼஻  is the vector set of 
DoFs at the three coupling points of the subsystem ܤ, i.e. 
࢛஼஻ ൌ ൛࢛஼మಲ஻ Ǣ ࢛஼మಳ஻ Ǣ ࢛஼మ಴஻ ൟ
்
. ࢆכ  represents the dynamic 
stiffness matrices. ࢌכ  has the same structure as ࢛כ , and  
represents the external force vectors at the corresponding 
DoFs in the assembled configurations of each (sub)system. 
The vector ࢍכ, like ࢌכ  represents the disconnection forces 
felt from the (de)coupling of the adjacent subsystems. Each 
of the vectors within the set of ࢛כ, ࢌכ and ࢍכrepresents the 
displacements and forces in each of the principal ݔǡ ݕǡ ݖ 
directions respectively. Explicit direction and frequency 
dependency of terms in Eq. (1-2) are omitted for clarity.  
Assuming rigid contact, the interface DoFs at matching 
coupling pairs must have the same displacements, i.e.: 
 ࢛஼஺஻ ൌ ࢛஼஻Ǥ (3)  
These compatibility conditions of Eq. (3) can be 
rewritten compactly using a Boolean matrix description as: 
 
 ࡮࢛ ൌ ሾ࡮஺஻ ࡮஻ሿ ൜࢛
஺஻
࢛஼஻ ൠ ൌ ૙ (4)  
wherein ࡮ extracts the coupling DoFs from among the full 
set of DoFs. The ‘standard decoupling’ formulations [4] are 
employed, which require that compatibility and equilibrium 
be satisfied only at the interface DoFs between subsystem ܤ 
and the assembled system, ܣܤ. 
Equilibrium conditions for an external force ࢌ஺஺஻ applied 
at ࢛஺஺஻ results in interface forces balancing each other, i.e.: 
 ࢍ஼஺஻ ൅ ࢍ஼஻ ൌ ૙Ǥ (5)  
Rewriting Eq. (5) also with a Boolean matrix results in: 
 ࡸ்ࢍ ൌ ሾࡸ஺஻் ࡸ஻்ሿ ൜ࢍ
஺஻
ࢍ஼஻ ൠ ൌ ૙ (6)  
wherein ࡸ represents the nullspace of ࡮ or vice versa i.e. 
ࡸ ൌ ሺ࡮ሻ, or ࡮் ൌ ሺࡸ்ሻ [4].  
Employing the dual formulation for decoupling [4, 9], 
the interface forces are satisfied a priori. Substituting a form 
of Eq. (6) in Eq. (1-2) and also accounting for the 
compatibility in Eq. (4), the extracted mobile machine 
response can be shown in a compact matrix form as [9]: 
ሾࡴ஺ሿ ൌ ቂࡴ஺஻ ૙૙ െࡴ஻ቃ െ ቂ
ࡴ஺஻ ૙
૙ െࡴ஻ቃ ൤
࡮஺஻்
࡮஻் ൨ ൈ
൬ሾ࡮஺஻ ࡮஻ሿ ቂࡴ
஺஻ ૙
૙ െࡴ஻ቃ ൤
࡮஺஻்
࡮஻் ൨൰
ିଵ
ൈ
ሾ࡮஺஻ ࡮஻ሿ ቂࡴ
஺஻ ૙
૙ െࡴ஻ቃ 
(7)  
wherein FRF matrices ࡴ஺஻ and ࡴ஻ are introduced in place 
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of the dynamic stiffness matrices ࢆ஺஻ିଵ and ࢆ஻ିଵ. Eq. (7) 
shows that the decoupling problem is equivalent to 
assembly of a negative dynamic stiffness for the 
substructure that one wants to subtract, i.e. ࡴ஻  in the 
present case. ࡴ஺஻  within Eq. (7) takes the form of: 
ሾࡴ஺஻ሿ ൌ
ۏێ
ێێ
ۍࡴଵଵ
஺஻ ࡴଵଶ஺஺஻ ࡴଵଶ஻஺஻ ࡴଵଶ஼஺஻
ࡴଶ஺ଶ஺஺஻ ࡴଶ஺ଶ஻஺஻ ࡴଶ஺ଶ஼஺஻
ࡴଶ஻ଶ஻஺஻ ࡴଶ஻ଶ஼஺஻
ݏݕ݉ ࡴଶ஼ଶ஼஺஻ ے
ۑۑ
ۑې (8) 
wherein ࡴଵଵ஺஻  corresponds to the receptance matrix at the 
spindle nose;  ࡴଵଶ஺஺஻ ǥ ࡴଵଶ஼஺஻  correspond to the cross 
receptance matrices between the spindle nose and each of 
the three different coupling points. All other receptance 
matrices in Eq. (8) correspond to direct and cross 
receptance matrices between all of the three different 
coupling points in the assembled configuration. 
Similarly,  ࡴ஻ within Eq. (7) consists of the direct and 
cross receptance matrices between all of the three different 
coupling points for only the residual subsystem ܤ:  
ሾࡴ஻ሿ ൌ ቎
ࡴଶ஺ଶ஺஻ ࡴଶ஺ଶ஻஻ ࡴଶ஺ଶ஼஻
ࡴଶ஻ଶ஻஻ ࡴଶ஻ଶ஼஻
ݏݕ݉ ࡴଶ஼ଶ஼஻
቏Ǥ (9)  
Each of the receptance matrices within Eq. (7-9) can be 
represented by direct and cross receptances in each of the 
principal axis as: 
ࡴ ൌ ቎
݄௫௫ ݄௫௬ ݄௫௭
݄௬௬ ݄௬௭
ݏݕ݉ ݄௭௭
቏ (10)  
wherein ݄  represents the displacement-to-force receptance 
constructed using the mass normalized eigenvectors output 
from the FE environment:   
݄௜௝ሺ߱ሻ ൌ෍
ߔ௜௥ߔ௝௥
െ߱ଶ ൅ ݅௠ʹߞ௥߱߱௡௥ ൅ ߱௡௥ଶ
ே೘
௥
 (11)  
wherein ߱௡  is the undamped eigenvalue for ݎ  modes of 
interest for a total of ܰ௠ modes; ߔ௜ǡ௝  is the eigenvector at 
the point of interest (݅ and ݆ are the respective response and 
excitation points); ߞ௥  is the modal damping ratio; ߱ is the 
frequency vector and ݅௠ is the imaginary operator. 
All receptance matrices in Eq. (7-10) are symmetric, 
assuming reciprocity. Using the dual formulation for 
decoupling [9], the rows and columns corresponding to the 
coupling DoFs appear twice in ࡴ஺ , and only the 
independent entries need to be retained. 
3. Decoupling results 
Decoupled mobile machine tool dynamics (FRFs) 
calculated using Eq. (7) are compared in Fig. 2 with the 
unsupported free-free response of the mobile machine 
obtained from the FE environment. Response (FRF) 
comparisons are limited to the main point of interest, i.e. the 
spindle nose ࢛஺஺. Comparisons in Fig. 2 are also limited to 
response ݄௫௫  and ݄௬௬ , representing the main ܺெ்  and ெ்ܻ  
machine tool principal directions. 
 
Fig. 2. Comparison of decoupled machine dynamics (FRFs) at the spindle 
nose with machine’s free-free response obtained from the FE model. (a) 
Response in the ܺெ் direction. (b) Response in the ெ்ܻ direction 
As evident in Fig. 2, the calculated dynamics can, with 
the exception of some low-frequency modes in the ܺெ் 
direction, approximate the ‘exact’ dynamics obtained from 
the FE model reasonably well. Calculated dynamics in the 
ெ்ܻ  direction approximate the ‘exact’ trend rather well.  
Discrepancies in the ܺெ்  direction, especially in the 30 – 
100 Hz range can be attributed to known issues with 
substructure decoupling techniques, which are known to be 
very sensitive around anti-resonances of the subsystems(s) 
[4]. Moreover, issues related to observability and 
controllability at the coupling points are also known to 
result in and compound decoupling errors [3].  
The low-mid-frequency modes in either of the principal 
directions dominate the response spectrum and belong to 
the parallel kinematic structure of the mobile machine. The 
high-frequency modes in the 600 – 1000 Hz range are more 
local in nature and belong to the spindle assembly. 
Dynamics of tools and tool-holders would be characterized 
by local high-frequency modal behaviour and are less 
affected by the low-frequency structural behaviour. Since 
the dynamics of the tool and tool holder are specific to the 
tool and tool holder to be used, these were deliberately 
neglected from the decoupling scheme. Tool and tool-
holder flexibilities are instead recommended to be 
synthesized with the extracted dynamics at the spindle nose 
using the RCSA substructure coupling schemes [5-7]. 
3.1. Sensitivity of extracted dynamics to noise 
To emulate measurements, and to investigate the 
influence of any noise in the measured data on the extracted 
dynamics, each of the (sub)system FRFs was synthesized 
with noise having a normal distribution ܰሺͲǡͳሻ, as:   
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݄ሺ߱ሻ ൌ ݄ሺ߱ሻሺͳ ൅ ܽܰሻ (12)  
wherein ܽ represents the level of noise added. In the present 
case, a high noise level of 30% was added and its influence 
on the calculated dynamics is compared in Fig. 3. As is 
evident, though noise results in amplification of some of the 
high-frequency modes, and a slight underestimation of the 
low-frequency dynamic stiffness, singularity and/or ill-
conditioning of the matrices were not observed presently.   
  
 
Fig. 3. Comparisons of decoupled machine dynamics (FRFs) at the spindle 
nose under the influence of simulated noise in FRFs 
3.2. Sensitivity of extracted dynamics to changes in the 
residual substructural base system 
To investigate the sensitivity of the calculated dynamics 
to changes in the substructural base system, two additional 
base models with different material characteristics were 
considered. A ‘weaker’ base was simulated to have a 
modulus of elasticity half of that of the ‘normal’ base. A 
‘stiffer’ base on the other hand was simulated to have a 
density and a modulus of elasticity twice that of the 
‘normal’ base. Any change in the residual substructural 
base system, i.e. subsystem ܤǡ naturally also manifests itself 
as a change in the assembled ܣܤ  system characteristics. 
Hence, new FE models with these new properties were 
generated for the assembled system as well as for the 
residual subsystem and a new set of assembled system 
matrices, i.e. ࡴ஺஻  as well as a new set of matrices for the 
subsystem, i.e. ࡴ஻  were obtained. Eq. (7) was solved 
separately for each of these base types to extract the 
response of the machine under these changing influences. 
Extracted dynamics are compared in Fig. 4.  
As evident in Fig. 4, extracted dynamics as observed at 
the spindle nose shows the low-frequency modes in the 10 – 
70 Hz range to be more dependent on the base 
characteristics than the other high-frequency modes. The 
mode at ~50 Hz for the ‘normal base’ shifts to ~42 Hz for 
the ‘weaker base’, and similarly shifts to ~59 Hz for the 
‘stiffer’ base. No significant change in dynamic 
stiffness/flexibilities of these modes was observed. This 
suggests that a change in the substructural base system(s) 
has at best a local effect on the extracted dynamics. The 
dominant machine mode at ~100 Hz is unaffected, as are 
the other high-frequency modes.  
 
Fig. 4. Comparison of decoupled dynamics (FRFs) at the spindle nose for 
changing characteristics of the residual substructural base system 
4. Conclusions and outlook 
This paper has demonstrated that when machine’s free-
free response cannot be directly determined, it can instead 
be extracted from known dynamics of the machine 
assembled onto a base, and from known dynamics of the 
residual base system. The decoupling scheme was found to 
be robust even when subjected to vagaries of measurement 
noise and changes in the residual substructural base system. 
The decoupled results can now easily be synthesized 
with other base models using the previously developed 
substructure coupling schemes [3, 10] to predict mobile 
machine tool dynamics prior to moving the machine to a 
new workpiece and location. This will facilitate first-time 
right in situ manufacturing of large workpieces.    
These simulation based results will guide experimental 
decoupling that forms part of planned future work.   
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